We study sufficient degree conditions under various aspects guarantying the existence of properly edge-colored cycles and paths in edge-colored simple graphs, multigraphs and random graphs. In particular, we prove that an edge-colored multigraph of order n on at least three colors and with minimum colored degree greater than or equal to n+1 2 has properly edge-colored cycles of all possible lengths, including hamiltonian cycles. Also, longest properly edge-colored paths and hamiltonian paths between given vertices are considered.
Introduction and notation
The last few years have witnessed a growing interest in colored graphs elicited both by the theoretical implications of the theory as well as by the numerous applications thereof, which applications were spawned by research in related fields. In particular, problems arising in molecular biology are often modelled using colored graphs, i.e., graphs with colored edges and/or vertices [17] . Given such a graph, original problems correspond to extracting subgraphs such as Hamiltonian and Eulerian paths or cycles colored in a specified pattern [10, 11, 12, 16] . The most natural pattern in such a context is that of a proper coloration, i.e., adjacent edges/vertices having different colors. Properly colored paths and cycles have applications in various other fields, as in VLSI for compacting a programmable logical array [15] .
Although a large body of work has already been done [2, 3, 4, 5, 6, 8, 18] , in most of that previous work the number of colors was restricted to two. For instance, while it is well known that properly edge-colored hamiltonian cycles can be found efficiently in 2-edge colored complete graphs, it is a long standing question whether there exists a polynomial algorithm for finding such hamiltonian cycles in edge-colored complete graphs with three colors or more [4] . In this paper we consider graphs with edges colored with any number of colors.
Formally, let {1, 2, · · · , c} be a set of given c ≥ 2 colors. Throughout the paper, G c denotes a edgecolored multigraph so that each edge is colored by some color i∈{1, 2, · · · , c} and no two parallel edges joining a same pair of vertices have a same color. The vertex and edge-sets of G c are denoted V (G c ) and * Sponsored by French Ministry of Education † Sponsored by Conselho Nacional de Desenvolvimento Científico e Tecnológico -CNPq ‡ abouela@lri.fr kinkar@mailcity.com lalo@lri.fr marek@cs.uni-bonn.de yannis@lri.fr carlos@lri.fr rachid − saad2003@yahoo.com then the set of edges between A 1 and A 2 is denoted by A 1 A 2 , while the set of edges among the vertices of Similarly, G c is even-pancyclic if it contains properly edge-colored cycles of all possible even lengths 2, 4, 6, 8, · · · , 2 n 2 . The paper is organized as follows: In Section 2, we discuss some problems on properly edge-coloredfactors and properly edge-coloredpath-cycle factors. Properly edge colored cycles and paths for edge-colored graphs, multigraphs and random graphs are studied in Section 3.
Properly edge-colored factors
In next theorem, we prove an algorithmic result showing that the problem of finding a properly edgecolored path-cycle factor is equivalent to the problem of finding a factor in a general non-colored graph.
Theorem 2.1. For any number c ≥ 2, of colors, finding a properly edge-colored factor in G c is equivalent to the problem of finding a factor in a general graph.
Proof: From G c , define a new general non-colored graph G as follows: replace each vertex x of G c by a cycle on 2c vertices x 1 , y 1 , z 1 , x 2 , y 2 , z 2 · · · , x c , y c , z c where c is the number of colors of the edges incident to x in G c . Next add a vertex w and the edges between w and y i , for each i = 1, 2, · · · , c. Finally, for each i = 1, 2, · · · , c, the edges of color i adjacent to x in G c are joined to x i in G. Assume first that G c admits a properly edge-colored factor. Then, each properly edge-colored factor of G c may be easily transformed to a factor in G. In fact, given a vertex x of G c , there exists a path in G from any x i to any x j covering all vertices x 1 , y 1 , z 1 , · · · , x c , y c , z c , w. Assume now that G admits a factor F . By the structure of G, there are two possibilities: either a cycle of F contains the segment x i , y i , w, y i−1 , x i−1 , z i−2 y i−2 , · · · , x i+1 , i.e., it enters from some x i and goes out from x i+1 (modulo c) covering all vertices x 1 , y 1 , · · · , x c , y c , w. Or for some i, j (modulo c), the cycle y i−1 , w, y j , x i+1 , · · · , x i−1 belongs to F while the segment x i , y i , · · · , x j belongs to another cycle of F . In both cases, by appropriate vertex concatenations it is easy to find a properly edge-colored factor in G c .
Corollary 2.2.
A properly edge-colored factor in G c can be found in O(M ) time, where O(M ) is the best known complexity for finding a perfect matching in a graph on O(cn) vertices.
Proof: It is well known that the problem of finding a factor in a graph can be reduced to the perfect matching problem. Since G has O(cn) vertices, the conclusion follows.
Corollary 2.3. The problem of finding a properly edge-colored path-cycle factor in G c may be reduced to the problem of finding a factor in general graphs.
Proof: Assume that red, blue and green are three colors not used in G c . Now, from G c define a new graph G as follows: Add two new vertices x and y in G c , all edges between x (resp. y) and G c and also the edge xy. Color all edges between x and G c red, all edges between y and G c blue, and finally color the edge xy green. Clearly any factor in G leads to a properly edge-colored path-cycle factor in G c , since the edge xy necessarily belongs to some cycle of the factor of G .
It is well-known that the hamiltonian cycle (path) problem is NP-complete for general graphs. The following corollary may help to reduce known optimization methods (heuristics etc.) for the hamiltonian problem in general graphs to the case of edge-colored graphs.
Corollary 2.4. Finding a properly edge-colored Hamiltonian cycle (path) in G c reduces to finding a hamiltonian cycle (path) in general graphs.
Proof: In the proof of Theorem 2.1, it suffices to see that if G c admits a properly edge-colored Hamiltonian cycle (path), then G admits a hamiltonian cycle (path).
Properly edge-colored cycles and paths
Let us start with a theorem concerning properly edge-colored paths in edge-colored simple graphs of minimum colored degree d.
p − 1, one of the edges x 1 x i+1 , x i x p+1 must not be external, otherwise the cycle
would be an properly edge-colored cycle of length r − 1. Similarly, for every vertex x j , j > 1, either one of the edges x 1 y j−1 , y j x p+1 is not external, or vertex x j together with the cycles x 1 y j−1 ...y 1 x 1 and y j x j+1 ...x p+1 y j form a partition as in the assertion. Observe furthermore that none of the pairs of vertices x 1 y 1 and y p x p+1 forms an external edge since the graph is simple. Therefore, if our assertion
were not true, the number of pairs of vertices within P that do not form external edges would be at least 2(p − 1) + 2 = 2p. That would leave us with no more than 2p − 1 external edges from among the 2(2p) − 1 potential ones, which are incident with either x or y (excluding xy). That amounts to fewer than 2d external edges, a contradiction. The assertion is proved.
Returning to the proof of the theorem, we consider a partition as given in the Assertion 1. The smaller of the two cycles in the partition is denoted by C 1 . An edge uv is called alien if one of its endpoints is in C 1 whereas the other one is in G c − P . Now we distinguish two cases depending on the parity of r again.
Case a: r is odd.
and C 2 = y 1 y 2 · · · y t be two properly edge-colored cycles that partition V (P )
as in Assertion 1. Thus k ≤ d. Since the two cyles are mergeable into P , there is at least one edge between C 1 and C 2 . We may suppose that x 1 y 1 is that edge. We may suppose as well that x 1 y 1 and x 1 x 2 are blue. Thus, the path x 2 x 3 · · · x k x 1 y 1 C 2 is properly edge-colored of length r. Therefore, there is no blue alien edge incident with x 2 (or a longer path would result from that). We have proved the first fact:
Fact 1: There is no blue alien edge incident with x 2 .
Therefore, since the blue degree of x 2 is greater than k − 1, there is at least one blue edge x 2 y j , for some j ∈ {1. · · · t}. Now observe this fact:
Fact 2: There is no red alien edge incident with x 3 .
The existence of such a red alien edge would imply that some vertex u in G c − P was part both of a red edge x 3 u and of another blue edge uv, with v / ∈ C 1 . The existence of v is guaranteed by the red degree of u being greater than k − 1. Now, if v / ∈ C 2 , we get the path of length r + 1:
a contradiction. On the other hand, if v = y q ∈ C 2 , we get the path of length r + 1:
From Fact 2 together with our assumption that k ≤ d, we conclude that there is one red edge x 3 y i .
Then the path P = x 2 x 1 x k x k−1 · · · x 3 y i C 2 is another path of length r with x 2 as endpoint. Therefore, x 2 has no red alien edge incident with it. The latter result together with Fact 1 shows that all the neighbors of x 2 are in V (P ). As G c is simple, we have at least 2d such neighbors, which proves the case.
Case b: r is even.
, C 2 = y 1 y 2 · · · y t and u 1 be the two properly edge-colored cycles and the singleton, respectively, that partition V (P ) as in the proof of Assertion 1 Assume that C 1 is the smaller cycle of the two , i.e., k ≤ d. Furtehrmore, assume that u 1 is linked to C 1 with a red edge, say,u 1 x 1 , and to C 2 with a blue edge, say u 1 y 1 . Suppose without loss of generality that x 1 x 2 is blue and y 1 y 2 is red. Hence the properly edge-colored path of length r:
Observe that this path starts from x k with a blue edge. Therefore, there is no alien red edge incident with x k , otherwise a longer properly edge-colored path would result from it. We have just proved:
There is no alien red edge incident with x k . Now, since the red degree of x k is greater than k − 1 and x k x k−1 is blue, there is at least one red edge of the form x k y i . Now, we claim that:
Fact 4: There is no alien blue edge incident with x k−1 .
The proof being similar to that of Fact 2, we give only a sketch of it. Suppose we have a blue edge
. ¿From the red degree condition on v together with the fact neither vx k nor vx k−1 is red, there must be some red edge vw, with w /
In the first case, we get an properly edge-colored path of length r + 1 (namely:
while in the second case we get another path P of length r with x k as enpoint and starting from x k with a red edge (as opposed to a blue edge for P ):
Thus both cases lead to a contradiction, and the fact is proved.
We conclude that there is at least one blue edge x k−1 y j . Now, if no alien blue edge is incident with x k , we are done, because that would mean, in view of Fact 3, that all the neighbours of x k (of which there 2d
at least) are in P , a contradiction. Thus, we may suppose that some edge
blue. Observe, furthermore, that u k cannot have a red neighbour outside P because such a neighbour z, if it existed, would yield the following properly edge-colored path of length r + 1:
From the degree condition on x k , we conclude that there must be some red neighbour y j of u k in C 2 .
Let us recap on what we have obtained thus far. We started with vertex u 1 and, proceeding backward along the smaller cycle, we concluded with the existence of a similar vertex u k . Repeating the same steps again, we get Fact 5, which sums up our findings so far:
Fact 5: For every vertex x i of C 1 , there are two vertices u i ∈ V (G c ) V (P ) and z i ∈ C 2 such that:
(1) if i is odd, then x i u i is a red edge of G c and u i z i is a blue edge.
(2) if i is even, then x i u i is a blue edge of G c and u i z i is a red edge. Now, set X = {x i |i = 1 mod 2}, and Y = {x i |i = 0 mod 2}. Observe that every vertex x i of X is the endpoint of a longest path starting from x i with a red edge. Similarly, every vertex x i of Y is the endpoint of a longest path starting from x i with a blue edge. Observe that no blue edge x i x j has both its endpoints in X, because that would yield the properly edge-colored path:
, which has length r and starts from x i−1 ∈ Y with a red edge, implying that x i−1 has 2d neighbors in P ,a contradiction. Y does not have any red edge either.
Moreover, there is no blue edge between X and G c − P , and no red edge between Y and G c − P (since any of those edges would extend a longest path).
Thus, every vertex x i of X has no more than |Y | − 1 = k 2 − 1 blue edges within C 1 , which accounts for the fact that all edges x i X are red and one edge at least from x i Y is red. Moreover, there are no blue edges at all between X and G c − P . Similarly, every vertex x j of Y has no more than |X| − 1 = (because x 1 u 1 is blue). Hence the fact again:
Fact 6: There is a vertex y i of C 2 such that one of the two conditions holds: (i) x 1 y i is a red edge, x 2 y i+2 is a blue edge and i is odd (ii)x 1 y i+2 is a red edge, x 2 y i is a blue edge and i is even.
Before proceeding with the proof, notice that either condition yields an properly edge-colored path of length r + 1. In case (i), for instance, that path is:
path is an properly edge-colored cycle of length r. Now, let us prove the Fact 6.
We call any portion of length 2 on the cycle C 2 a 2-segment. For any 2-segment s = y i y i+1 y i+2 , let us say that a pair uv is consistent with s if it is any one of the edges arising in the conditions of the fact.
Notice that a red edge x 1 y j is consistent with only one 2-segment. Similarly, a blue edge x 2 y j is consistent with one 2-segment. Consider the function such that 1(s, e) = 1 if the edge e is consistent with s, and 1(s, e) = 0 otherwise. For any s, denote by |s| the number of pairs consistent with s. Now, summing the terms 1(s, e) in two different ways, we get:
Hence, one s at least has two consistent pairs, which proves the fact and the theorem. properly edge-colored path of length greater than 2cd. Hence our conjecture:
has an properly edge-colored path of length min{n − 1, 2cd}.
Also, observe that previous graph has no properly edge-colored cycles of length more than cd + 1 for c ≥ 3, or more than 2d for c = 2, respectively. So, the following may be true: unless if G c ∼ = H 1 . Let P denote a longest properly edge-colored path in G c . By hypothesis the length of P is at most 2d − 1, i.e, P has at most 2d vertices. Set R = G c − P . Depending upon the parity of the length of P , set P :
without lost of generality that any edge x i y i , 1 ≤ i ≤ p, is red while any other edge y i x i+1 is blue.
Observe that, there is no vertex z ∈ R such that the edge x 1 z is red, otherwise the path zx 1 y 1 x 2 y 2 . . .
should longer than P , a contradiction to the choice of P . Similar arguments hold for the second endpoint of P . Consider now blue edges incident to x 1 . Since the other endpoint of each such blue edge necessarily belongs to P , it follows that P has at least d + 1 vertices.
Suppose first the length of P is odd. Let us establish the following three facts. Fact 1. For any blue edge y i x i+1 , 1 ≤ i ≤ p − 1, of P , the edges x 1 x i+1 , y p y i (if any) may not be both blue. For otherwise the properly edge-colored cycle
Since there are p − 1 blue edges on P , it follows that Notice that at least a pair of such indexes i, j exist, since P has length at most 2d − 1, by hypothesis.
From Facts 1, 2 and 3, it follows that
Let us suppose now the length of P is even. Consider first the case 2p + 1 ≥ d + 2. As previously, let us observe that :
1
It follows that
Suppose now 2p + 1 = d + 1. Since there is no blue edge x 1 z, z ∈ R, and the minimum blue degree of x 1 is d, it follows that any edge x 1 w, w ∈ V (P ) − {x 1 } is blue. In particular, the edge x 1 y p is blue. Thus It remains to consider the case where R is not an independent set, i.e., R has at least one edge, say xy.
Choose xy with the property that either x or y, say x, is joined with an edge to at least one vertex, say w, of C (it is easy to verify that such vertices x, y, w exist in G c ). Observe that, if for some vertex w of C, c(xw) = c(xy), then we may easily join P to C in order to obtain a path longer than P , a contradiction to the maximality property of P . It follows that all edges between x and V (C) ∪ {y} are on a same color. Because of colored degree constraints, there exists some vertex z in R , distinct from y, such that c(xz) = c(xy). Then, by appropriately joining the segment zxw within the cycle C we obtain again a path longer than P a final contradiction. This completes the argument and the proof of the theorem.
We believe that Theorem 3. Theorem 3.5 above is improved upon in Theorem 3.11 given below, which deals with hamiltonian cycles in graphs with high-colored degrees. We establish now a series of lemmas with a view to proving Theorem 3.11.
Lemma 3.7. Let G c be a c-edge-colored multigraph on n vertices such that any vertex has minimum colored-degree greater than or equal to n−1 2 . Then G c admits perfect matchings on any fixed color i, for n even, and an almost perfect matching for n odd.
Proof: Choose any color, say red, and then consider a spanning subgraph G of G c induced by the red edges of G c . Clearly the minimum degree in G is at least n−1 2 . By a well known theorem of Dirac [9] , G has a hamiltonian path and therefore the conclusion of the lemma trivially holds.
For a given color i, let M i denote a matching of G c in color i. The following definitions will be used in the sequel. Proof: Let us suppose without loss of generality that the edges G c are colored by two colors (red/blue).
Otherwise, instead of G c , we may consider the spanning subgraph of G c induced by its red/blue edges (since all arguments below may be applied to such spanning subgraphs). Let us fix a color, say red. Clearly G c has a perfect red matching for n even and an almost perfect red matching for n odd, by Lemma 3.7.
compatible with M r . We will proof this lemma by contradiction. For this we assume that G c has no
properly edge-colored cycle of length greater than or equal to n 2 + 1. We distinguish between two cases depending upon the parity of n. Let R denote the subgraph of G c induced by
Case (A): n is even.
Assume first that the last edge of P is not red. As G c has a red perfect matching, for some vertex z in R, the edge p p z belongs to M r . But then the path p 1 p 2 . . . p p z is longer than P and compatible with M r , a contradiction to the choice of P . It follows that both the first and last edges of P are colored red and thus the length of P is odd. Furthermore, there is no blue edge p p z for any z ∈ V (R), otherwise the path p 1 p 2 . . . p p z should be compatible with M c and longer than P , a contradiction to the choice of P .
Consider now blue edges incident to p 1 . Since the second extremity of each such blue edges necessarily belongs to P , it follows that the number of vertices of P is at least
not both, otherwise the properly edge-colored cycle
Here the number of blue edges on the path P is equal to We distinguish now two subcases depending upon the parity of 
Subcase (i):
n 2 = 2r − 1 for some integer r ≥ 1. Vertices p 2r , p 2r+2 , p 2r+4 , · · · , p p are not the second extremity of each blue edges incidents from p 1 , otherwise we have a properly edge-colored cycle of length greater than n 2 . Similarly, vertices p 1 , p 3 , p 5 , · · · ,p p−2r+1 are not the second extremity of each blue edges incidents from p p , otherwise we have a properly edge-colored cycle of length greater than n 2 . So,
Subcase (ii):
n 2 = 2r. Vertices p 2r+2 , p 2r+4 , p 2r+6 , · · · , p p are not the second extremity of each blue edges incidents from p 1 , otherwise we have a properly edge-colored cycle of length greater than n 2 . Similarly, vertices p 1 , p 3 , p 5 , · · · ,p p−2r−1 are not the second extremity of each blue edges incidents from p p , otherwise we have a properly edge-colored cycle of length greater than n 2 . So we have
Case (B): n is odd.
If p p−1 p p ∈ E r , then we complete the argument by using arguments very similar to those of Case (A). Assume therefore p p−1 p p / ∈ E r . We have the number of vertices of path P is greater than or equal to n 2 + 1. Let us first see whether the number of vertices of path P is equal to n 2 + 1 or not. If possible, let the number of vertices of path P be equal to
, otherwise a properly edge-colored path of length greater than n 2 +1 exists. Since the first edge p 1 p 2 is red and the last edge p p−1 p p is blue, we must have p is odd and say, p = 2q +1, where q is a positive integer. Now we consider one red edge xy ∈ M r , x, y / ∈ V (P ). Since
, vertex x is connected at least one vertex to the path P by blue edge and let it be either p 2i or p 2i+1 . When
we have a properly edge-colored path p 2i+1 p 2i+2 · · · p p−1 p 1 p 2 · · · p 2i−1 p 2i xy of length greater than p.
When xp 2i+1 ∈ E b , we have a properly edge-colored path
length greater than p. So, our assumption is wrong and hence the number of vertices of path P is greater than or equal to n 2 + 2. Now we delete the last blue edge from the path and find out the sum of the blue degrees of p 1 and
When n 2 is even, we have
Therefore all the cases are not possible. So our assumption is wrong and hence the result.
We are now ready to establish in next theorem degree conditions, sufficient for an edge-colored multigraphs to have a properly edge colored hamiltonian cycle. Our result looks like those obtained by Dirac [9] for general graphs. (1), consider a longest path P :
compatible with M r and let R be the graph defined by G c − (C ∪ P ).
Since P is compatible with M r , either the edges
We shall first prove that, in fact, each edge p i p i+1 , for every odd
To do so, it suffices to show by contradiction that the edge p p−1 p p is in M r .
If possible, let the edge p p−1 p p be not in M r . Observe that, since vertex P p is incident to some edge of Without loss of generality, we can assume that c 2w and p p are connected by blue edge. Now we consider the blue edges incidents from p 1 and c 2w+1 on the path P . As c 2w p p ∈ E b , vertex c 2w+1 can be connected maximally to the vertices p 2 , p 4 , · · · , p p ; otherwise a properly edge-
Again we consider the blue edges incidents from p 1 and c 2w+1 on the cycle C. We have either c 2w+1 c 2z−1 ∈ E b or p 1 c 2z ∈ E b , but not both otherwisea properly edge-colored cycle 
Next we consider that at least one vertex on C, say c 2w , where both p 1 and p p are connected by blue edges and c(c 2w+1 c 2w ) is blue edge. In this case d edges on the portion C − S of the properly edge-colored cycle C is at most two, either p 1 and p p are connected to the same vertex or one of p 1 and p p are connected to both the vertices containing that blue edge, otherwise we have a properly edge-colored cycle of length greater than m. So we have d
Similarly for the vertices c 2l+1 and c 2t , we get
Three subcases arises (i)
In this subcase
and c 2t c 2l / ∈ E b ; otherwise we have a properly edge-colored cycle of length greater than m. Since p 1 c 2l+1 ∈ E b and p p c 2t ∈ E b , we have 
, but not both otherwise an properly
Now we consider the blue edges incidents from p 1 and c 2t on path P . We have vertex c 2t can be connected maximally to the vertices p 2 , p 4 , · · · , p p on the path P , otherwise a properly edge-colored cycle
, but not both otherwise a properly edge-
Using these results in (1) we get:
< 2(n + 1), not possible.
Without loss of generality, we can assume that 
Using these results in (1) we get
In this subcase it may possible
Case (C): more than one segment on the properly edge-colored cycle C. 
Similarly for the segment S 2 , we have d
Next we consider that n is odd. In this case we will show that graph G c has properly edge-colored cycle of order n − 1. Suppose this is not possible, we can find a properly edge-colored longest cycle of length m, n 2 + 1 ≤ m ≤ n − 3, compatible with M r . Next we find a longest path P :
compatible with M r and let R be the graph defined by G c − (C ∪ P ). Here we consider two colors red and blue only.
Two subcases arises (a) c(p
Without loss of generality we can assume that c(p 1 p 2 ) is red. Similarly for even order of G c we can
show that this subcase is not possible.
In this subcase we assume that c(p 1 p 2 ) is red and c(p p−1 p p ) is blue. Now we consider that two vertices p 1 , p p−1 and new path P : p 1 p 2 · · · p p−1 . Now we will find the segments on the properly edgecolored cycle C from the vertices p 1 and p p−1 . If there is no segment or one segment or more than one segments, then we can see easily that this subcase is not possible, similar proof as for even order G c .
Hence we see that no one cases is possible for n is even or odd. So contradiction completes the argument and the proof of the theorem for any number of vertices. Hence the proof of Case (I)
Let us now prove Case (II). Let us consider the spanning subgraph H of G c induced by all edges on two distinct colors, say red and blue, i.e.,V (H) = V (G c ) and
H has a properly edge-colored red/blue hamiltonian cycle, thus the conclusion follows for G c . Assume therefore that n is odd. Again, by Case (I), there exists some vertex z in H such that H −z has a properly edge-colored red-blue cycle, say C : 2 ) of C are blue. Pick now any red edge x i y i . Assume first that the number of red and , say green (i.e., any third color not used on the cycle) edges between {x i , y i } and z is greater than or equal to 3. Then either the edge zx i is red and the edge zy i is green or zx i is green and th e edge zy i is red. But either the cycle x 1 y 1 · · · x i zy i · · · x n−1 2 ). In fact, we believe that the following is true. ¿From Theorem 3.11 we obtain a series of corollaries for properly edge-colored hamiltonian paths. 2 ). In next corollary we are interested for properly edge-colored hamiltonian paths with fixed end-points. D has an hamiltonian circuit, with high probability. But the arc probabilities in D are exactly the edge probabilities in G (r) . Again, it is a standard result that a random directed graph with arc probabilities Cn −1 log n has a hamiltonian circuit with high probability for large C [1] . Thus the assertion is true and the theorem is proved.
We conclude this paper with a conjecture on edge-colored complete regular simple graphs. Let us recall that an edge-colored graph is regular, if all its monochromatic spanning subgraphs are regular and on the same degree. Thus the order of such graphs is kc+1, where k is the degree of every monochromatic spanning subgraph and c is the number of used colors. Bollobas and Erdős in [6] , conjectured that if the monochromatic degree of every vertex in K c n is strictly less than 
